The transition from formulations with extra dimensions to Kaluza-Klein theories, aimed at extending the Standard Model, bears the ingredients of hidden symmetries and the Kaluza-Klein mechanism for mass generation. We explore these essential aspects in detail, and find that much can be said about them with no reference to the specific geometry of compact extra dimensions: the low-energy theory is determined, included dynamic variables and symmetries; mass terms arise; eigenfunctions that define Kaluza-Klein fields are fixed by the appropriate choice a Casimir invariant; there is a set of Kaluza-Klein pseudo-Goldstone bosons. Throughout our presentation, similarities and differences among spontaneous symmetry breaking, commonly present in conventional Standard Model extensions, and what happens in Kaluza-Klein theories are signaled and discussed.
It has been a long time since Kaluza and Klein first explored the possibility that the number of spacetime dimensions is greater than 4 [1, 2] . After a silent long period, an increasing interest of the scientific community in extra dimensions started with its implementation in superstring theory [3] [4] [5] . Shortly after, extra-dimensional phenomenology attracted great attention with the proposal of models of large extra dimensions [6, 7] , warped extra dimensions [8] , and universal extra dimensions [9] . Standard Model (SM) extensions in extra dimensions yield Kaluza-Klein (KK) theories, defined in terms of 4-dimensional dynamic variables and symmetries, which is achieved by a procedure that involves two main features: hidden symmetries and the mass-generating Kaluza-Klein mechanism (KKM). Subtle and complex scenarios of fundamental physics are elegantly described by hidden symmetries [10] . Spontaneous symmetry breaking (SSB) merge with this powerful concept to become the very essence of the Englert-Higgs mechanism (EHM) [11, 12] and a cornerstone of the SM. The hiding of a symmetry is just a change of perspective, so it is implemented by canonical transformations, which, due to the Dirac algorithm [13] [14] [15] , suggests that gauge symmetry should be preserved, at least, in the sense of a Lie group, though defined in a different spacetime and thus associated to different connections. Moreover, when passing to the 4-dimensional viewpoint, in which extra-dimensional spacetime has been hidden by some compactification scheme, some connections manifest as matter fields; with no protecting symmetry they can become massive. The assumption of compactness of extra dimensions generates masses, independently of the specific geometry of extra dimensions. A conspicuous difference among the EHM and the KKM is that mass generation in the former requires the introduction of extra degrees of freedom, which are independent of gauge symmetry, whereas the masses produced by the KKM come straightforwardly from gauge curvatures, that is, KK masses have a gauge origin and in that sense we may call them gauge masses.
Consider an effective field theory that is characterized by the action
defined on the (4+n)-dimensional spacetime manifold M 4+n = M 4 ×N n , with M 4 the usual 4-dimensional spacetime and N n an n-dimensional spatial flat manifold. This theory is governed by the Poincaré group ISO(1, 3 + n) and the gauge group SU (N, M 4+n ). Here, . This extra-dimensional description is not renormalizable in the Dyson's sense, so it includes an infinite number of gaugeinvariant terms L j k , of all possible canonical dimensions d = 4 + n + k and which are suppressed by inverse powers of an unknown high-energy scale Λ. The building blocks of the whole theory are YM curvatures and covariant derivatives operating on them. The terms of lowest canonical dimension form a (4 + n)-dimensional replica of the YM theory in 4 dimensions. Throughout the present paper, we center our discussion in this extra-dimensional YM theory. Experiments are compatible with extra-dimensional theories if the extra dimensions are small enough, which defines a compactification scale, here denoted by R −1 . At high energies, far above R −1 , the action S[A a M ] is governed by the symmetry group ISO(1, 3 + n). We assume that the sizes of the extra dimensions are so large compared with the distance domain explored at such energies that they can be considered infinite. To describe physical phenomena at lower energies, where the compactness of the extra dimensions becomes apparent, we need to hide the symmetry ISO(1, 3 + n) into ISO (1, 3) , by which we do not mean moving from one theory to another but rather focusing on the same theory from another perspective. Thus ISO(1, 3+n) → ISO(1, 3) occurs through canonical transformations. It is opportune emphasizing that the hiding of the symmetry ISO(1, 3 + n) into ISO(1, 3) must be compactification-scheme independent. Hidden symmetries are common to all theories in which a map G → H, from a group G to any nontrivial subgroup H ⊂ G occurs, as it is the case of the EHM in the SM and, in general, in SSB. In conventional SM extensions, canonical maps that hide symmetries connect two different Lie groups, both defined on the same spacetime manifold. In extra-dimensional theories the map occurs between two different spacetime manifolds, but preserve Lie gauge groups. So, SU (N, M 4+n ) and SU (N, M 4 ) coincide as Lie groups, but differ as gauge groups, since their connections are different. Moreover, from the ISO(1, 3) viewpoint some connections of the extra-dimensional gauge group appear in tensor representations, which shall be quite relevant for our discussion, below, on mass generation.
To carry out the program of hidding the symmetry, we start by mapping covariant objets of SO(1, 3 + n) into covariant objects of its subgroups SO (1, 3) and SO(n): SO(1, 3 + n) → {SO(1, 3), SO(n)}, which means (2) is elevated to a canonical transformation. The YM action term, which is the first term of Eq. (1), becomes
To move completely from ISO(1, 3 + n) to ISO(1, 3) we need to get rid of allx-coordinate dependence from the theory, which is nontrivial because in the original theory these coordinates are labels that count degrees of freedom. To that aim, we define another canonical map that hides any manifest dynamical role of the ISO(n) subgroup at low energies. We assume that some compactification procedure on the N n submanifold has been carried out, and we let {f (m) (x)} be a complete set of orthogonal functions that are defined on the compact manifold. We develop our discussion by maintaining the set {f (m) (x)} as general as possible, but keep in mind that, as we discuss below, any particular set is associated to boundary conditions that characterize the geometry of the compact manifold. So, any particular choice of this set is, to some extent, equivalent to pick an specific geometry of the compact manifold. In this context, the connections and gauge parameters, α a (x,x), are expanded as
where
, while the 4-dimensional components along the direction f (m) (x), commonly referred to as KK modes, are ϕ (m)
. In this expression, we have introduced the KK index, which we denote by (m) = (m 1 , m 2 , . . . , m n ). Any underlined variable m j represents a discrete index that can be either 0 or a natural number. The symbol (m) , explicitly defined in Refs. [16] , denotes a sum over all possible KK indices (m). Since we assumed that the set of basis functions is complete, this map can be reversed as
which determines the fields that represent the degrees of freedom of the theory, after the canonical transformation. Thus in the right-hand side of map (5) 
showing that this is a canonical map. This result is compactification-scheme independent; it only depends on the completeness of the set {f (m) (x)}. An assumption that has to be made in order to connect the new physics with the low-energy description is that {f (m) (x)} includes the constant function, here denoted by f (0) . As we show in a moment, the presence of this function, which is the only one that lacks information about the geometric structure of the compact manifold, is crucial because f (0) defines the low-energy dynamic variables and the gauge parameters that define the gauge transformations in 4 dimensions. To complete the change of perspective, from (4 + n) dimensions to 4 dimensions, the 4-dimensional SU (N, M 4 )-covariant objects must be identified. Remarkably, the SU (N, M 4 ) transformations follow from the inclusion of the constant function f (0) . We start from the (4 + n)-dimensional infinitesimal transformations δA
, and then we implement both canonical transformations to get, with the aid of the orthogonality of {f (m) (x)}, the 4-dimensional transformations
is identified as the dimensionless coupling constant. In these expressions, transform as matter fields. We call these transformations the standard gauge transformations. Similarly, the parameters α (m)a (x) define a set of non-standard gauge transformations, which is inherent to the canonical transformation implemented to hide gauge symmetry, but which manifestly shows that there is a larger gauge symmetry underlying the KK description. Within the BRST formalism [18] , these parameters are central to KK quantization [17, 19] .
So far there is, besides the SU (N, M 4 ) standard gauge field A (0)a µ , a set of n low-energy scalars A (0)ā µ , which we wish to eliminate in order to ensure that the low-energy theory is no other than the YM theory in four dimensions. Inspired by the evenness of f (0) underx → −x, we assume that the compactification scheme is such that the whole set {f (m) (x)} can be split into disjoint subsets of even functions,
E (x)}, and odd functions, {f
O (x)}. We postulate that any field with standard counterpart is even, while fields without standard counterpart are odd. Then we assume that the vectors A a µ are even, while the scalars A ā µ are odd, and we assume that the gauge parameters α a are even. The canonical map (5) then reads
where the KK sums run over all KK indices, except for (0). Clearly, the parity assignments leave only scalars A 
Then, integrating out thex coordinates in the YM action (4) yields the effective Lagrangian
The KK modes of the extra-dimensional curvatures are given by
Here, F , which are sums of terms constituted by products of Kronecker deltas, are properly defined in Ref. [16] . Furthermore, we have the object
which appears in terms that are linear in the fields A , which does not involve degrees of freedom, essentially determines the mass spectrum, once the set {f (m) (x)} has been chosen. Nevertheless, note that we do not need to define a particular geometry of extra dimensions to generate KK mass terms. It is worth emphasizing that no mass terms for the gauge field A In the SM and in a variety of its extensions, masses are generated by SSB, but to do so the addition of more degrees of freedom to the theory is required. For instance, in the SM a Higgs doublet, defining a whole scalar sector, is introduced and, by the use of an appropriate scalar potential, gauge symmetry is broken, thus defining the SM masses. By contrast, in the KKM masses have a gauge origin: from the sole extra-dimensional curvatures, and without introducing extra degrees of freedom, compactification produces mass terms.
The structure of Eq. (25) suggests that the elements of {f (m) (x)} might be eigenfunctions of the differential operator (−i ∂ν) 2 = −∇ 2 , whose representation in the ket space is the Casimir invariant Pν Pν =P 2 , associated to the inhomogeneous translations group ISO(n), with eigenkets |p :P 2 |p =p 2 |p , wherep is an extra-dimensional momentum eigenvalue. The extra-dimensional momentum operator Pν is associated to an observable, so it is hermitian. Thus its eigenvalues pν are real numbers, which means that the eigenvaluesp 2 = pνpν, of our Casimir invariant, are positive quantities; this is a necessary requirement for p (mr) ν , Eq. (25), to consistently define the KK masses. Our criterion to choose a set of eigenfunctions
O (x)} consists in the selection of an extradimensional observable, in this case the aforementioned Casimir invariant. Thus we identify f (m) (x) = x|p (m) as wave eigenfunctions satisfying the Laplace equation∇ 2 f (m) (x) = −p 2 f (m) (x), for momenta defined in the compact manifold N n , with plane-wave solutions. At this point, we implement a compactification scheme, for which we assume that each coordinate axisx j is coiled in a circle S 1 of radius R j . Since we need to define parity on the manifold, we introduce the orbifold S 1 /Z 2 . Then, we assume that N n is made of n copies of the orbifold
, with the orbifolds having radii R 1 , R 2 , . . . , R n . Dirichlet and Neumann boundary con-
With this in mind, we define the quantity m
, which characterizes the eigenvalue spectrum ofP 2 . For simplicity, we take all radii equal,
Our definition of {f (m) (x)} leaded us to a concrete expression of p , with respect to the non-standard gauge transformations, which resembles the case of the unitary gauge in the Higgs sector of the SM. All our discussion, and in particular that on the KKM, has been performed around the YM theory. In the richer context of the SM (4+n)-dimensional extension, SSB happens in addition to the KKM, and fields with KK masses receive a further contribution from the EHM, thus defining masses given by m 
